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We have discussed Second order PDE, homogeneous wave equation, initial
boundary value problem up-to the Semi-infinite String with a Fixed End in
the classroom:

1 Second order PDE, homogeneous wave equa-
tion

1.1 Semi-infinite vibrating String with a Free End

The model of the problem can be written as;
a semi-infinite string with a free end at x = 0.

Uy = Py, 0<x <00, t>0, (1)
with the initial conditions

u(z,0) = f(z), 0<z<oo
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ut(:):,()):g(x), OSZL’<OO,
u.(0,t) = 0,0 <t < oo ie. the gradient of the distance atz =0 is 0
We know that the equation () is of the hyperbolic form. General solution

of (@) is
u(z,t) = ¢(x + ct) + Y(z — ct) (2)

As in the case of the fixed end, for x > ¢t the solution is the same as that of
the infinite string.

u(z,0) = f(z) = ¢(z) + P(z) (3)
Now differentiating partially (2) w.r.t. ”¢” we have

u(z,t) = ¢'(x + ct)%(m Foet) + o (z — ct)%
Ut(l’,t) = c(b/(x + Ct) - Cw/(l’ _ CT,)
wi(z,0) = 60'(z) — cv/(z) = g(a)

Now integrating the equation c¢’(x) — ¢’ (z) = g(x) we have

(x — ct)

oa) ~ i) = ¢ [ atr)ir+ K )
From (3) & (@) we have

oa) =5 |#@)+ ¢ [ ot K )
and L | g -

vw) =5 [f@) = [ aryar—K ()

So that the general solution for x > ct

C

u(e,t) = 3 [f(a+ ef) + flz —ct)] + o M“Ctgm dr /OHtg(T) dT]

ule,t) = ¢ [fleet) + fz = et)] + o [ / e df} (7

2c —ct
Now for = < ct, we differentiating partially (2) w.r.t. ”z” we have

0 (z +ct) + 9/ (x — ct) 0

ug(z,t) = ¢'(x + ct)% %(x — ct)
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ug(z,t) = ¢'(x + ct)Y'(x — ct)
ug(0,1) = ¢f(ct) + ¢’ (—ct) =0
Now integrating the equation ¢'(ct) + ¢'(—ct) = 0 we have

¢(ct) —p(—ct) = K (8)
where M is a constant. If we let o = —ct, we obtain
() =¢(—a) - K

Now replace a = x — ct, we have,

(x —ct) = d(ct —x) — K

[ Flot—a)+ 1 /0 R df} K/

C

N —

(x —ct) =
so the solution be

u(x, ct) = ¢(x + ct) + Y(x — ct)

u(z, ct) = % fx+ct)+ flct —x)] + % {/Oﬂdg(f) dr + /OCt_xg(T) dT]

Note Also see another pdf file.
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